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ABSTRACT 
The linear equation Ax = b, with A n X n, is considered, and it is shown that the 
controllable subspace of (A, b) can intersect the solution set of this equation in at 
most one point. Some additional properties of the controllable s&space related to the 
solution set are presented, and the role of controllability in establishing nonsingularity 
of A is exhibited. 
1. INTRODUCTION AND NOTATION 
The concept of controllability plays an important role in the solution of 
various matrix equations [l-3]. In this paper we consider the role of 
controllability in the linear equation 
Ax=b, (1) 
where A is a square matrix over an arbitrary field F, and derive some 
relationships between the controllable subspace of (A, b) and the solution 
set S of (1). Let % denote the vector space of n-tuple columns over IF, let 
b E 96, and let A act as a linear map on 5% in the usual way. The controllable 
subspace of (A, b) denoted by Yis defined [4] to be 
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Iris the smallest A-invariant space containing b. We say (A, b) is controllable 
if ?r= 5% If dim ?r= v, define 
V:=[b,Ab ,..., A’-‘b]. (3) 
Letting Im T and Ker T denote respectively the image and kernel (null space) 
of a map T, we have 
ImV= Y, 
Ker V=O. 
(da) 
(4b) 
2. MAIN RESULTS 
To motivate the main result we present two preliminary observations. It 
is easy to prove, using the Cayley-Hamilton theorem, that if A is nonsingular, 
every A-invariant subspace is also A-‘-invariant. This implies the following 
LEMMA 1. lf Ax= b has a unique solution, this solution lies in the 
controllable subs-pace of (A, b). 
LEMMA 2. If (A, b) is controllable, Ax = b is consistent ifl A is rwnsingu- 
lur. 
Proof. (A, b) controllable implies that rank A > n - 1. If rank A = n, 
then Ax= b is consistent. If rank A = n - 1, controllability of (A, b) implies 
that 
b@Span[ Ab, A’b,..., A”-‘b] =ImA. 
i.e., that Ax = b is not consistent. 
The following result (Theorem 1) is a generalization of these lemmas. Its 
proof affords an alternate proof of Lemma 2. 
THEOREM 1. The controllable subspace of (A, b) can intersect the solu- 
tion set of Ax= b at most in one point. 
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Let b#O. Then Sn?/z@ if and only if 
(a) the restriction A” of A to ?Tis rumsinguh~r, M, equidedy, 
(b) the minimal polynomial /?(h)=X’+P,_lx’-‘+ *** +&X+& of b 
with respect to A has no root at h=O, i.e., &#O. 
If (b) holds, the unique element x* of ?m S is given by 
P P2. x*=_--l.b-__Ab... 
PO PO 
_ $A’-‘be 
0 
Proof. The theorem clearly holds for b = 0; assume b #O. 
Using (3), we have 
for 
A,= 
AV= VA,, 
b=Vb, 
0 0 *** 0 -& 
1 0 *a* 0 -pi 
0 1 ..* 0 -pa 
. . 
. . . . 
0 0 *** 1 -p,-, 
9 b, = 
1 
0 I! ; iI 
A, is a matrix representation of A”. By (4b), A,y=b, iff b=Vb,=VA,y; also 
xE?riff x= Vy for some y. 
The following are now seen to be equivalent: 
(i) Po+O, 
(ii) A” nonsingular, 
(iii) A, y = b, is consistent, 
(iv) there exists x E % for which x = Vy and Ax = b, 
(v) sn ?rz0. 
Under these conditions, the solution of A, y= b, and Ar= b, XE~ are 
unique. I 
To state the next result, we introduce the factor spase X/V: = %, and -- 
let P: %% denote the canonical projection and A : %% the map induced 
in %by A; &Px)=P(Ax). 
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COROLLARY (Theorem 1). Let Ax=b be consistent. Then: 
(i) Zf (A, b) is controllable, Ax= b has a unique solution. 
ii) Zf (A, b) is not controllable, Ax = b has a unique solution if and only 
if A is rwnsinguZar. 
Proof. (i): This is a restatement of Lemma 2. 
(ii): Let Px : _= 2. Since b E v, we have Pb = 6, and so Ax= b implies that 
%= 0, and if A is nonsingular, X= 0, so that x E T. Then S CT, and by 
Theorem 1, S n ?r= S has a unique element, i.e., A is nonsingular. 
Conversely, suppose A is nonsingular. If x2= 6, then Ar E v, and by the 
remark used to prove Lemma 1, XE?T, so that Ic= 6. W 
REMARK. The above result shows that if (1) is known to be consistent, 
nonsingularity of A can be checked by verifying controllability of (A, b) and, 
in case (A, b) is not controllable, invertibility of the (n - V) x (n - v) matrix 
of A. Both these computations can, in principle, be simpler than verifying 
invertibility of the n X n matrix A when n is large. 
A further property of the controllable subspace is now given 
THEOREM 2. The controlluble subspace of (A, b) is contained in every 
A-invariant subspace that intersects the solution set of Ax = b. 
Proof. Let WC % be an A-invariant subspace containing a solution y of 
Ax=b. Then 
Ay=b, A2y=Ab,... 
lie in W, and hence ?rc %. n 
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